Abstract-From the asymptotic behavior of the plane wave spectrum, a simple method is derived for determining the minimum convex closed surface in which the sources of a given acoustic or electromagnetic farfield pattern can be located.
I. INTRODUCTION
A number of authors, including Müller [1, th. 26] , have proven that the far-field pattern produced by sources in a volume of finite extent is an entire analytic function of the spherical angles (; ). In addition, Müller [1, th. 26, 27, 29] has proven that the sources of a given analytic far-field pattern must be contained in a sphere with a radius at least as large as R. The value of R is determined from the spherical expansion coefficients of the far-field pattern, and for many far-field patterns the value of R is greater than zero, regardless of the position of the origin chosen for the spherical wave expansion.
Outside R, the field of the given analytic far-field pattern is also an analytic function of the spatial coordinates and this function can be uniquely continued analytically to a minimum source region inside R [1, ch. 3] . Outside this minimum source region, which can be singly or multiply connected, the field obeys the homogeneous wave equation. It is the smallest possible source region, in that the sources of the given far-field pattern must extend at least as far as the surface of this minimum source region or else the field could be further analytically continued inside the surface.
In this letter, we derive a simple method, based on the plane wave spectrum formulation, for determining the minimum convex closed surface in which the sources of a given acoustic or electromagnetic far-field pattern can be located; that is, the minimum convex surface enclosing the minimum source region. Unlike the value of R in the method based on a spherical wave expansion, the shape and size of the minimum convex closed surface found here from the plane wave spectrum is independent of the position of the origin of the coordinate system in which the plane wave spectrum is defined.
II. ASYMPTOTIC BEHAVIOR OF THE PLANE WAVE SPECTRUM
Begin by expressing the acoustic pressure p(r), satisfying the wave equation r 2 p(r) + k 2 p(r) = 0q(r) in a plane wave representation [2] p(r) = speed of propagation in the acoustic fluid. The plane wave spectrum is uniquely determined by the far-field radiated by the sources, and is simply related to the far-field function by T (k x ; k y ) = iF (k x ; k y )=.
The far-field function F (k x ; k y ) can be written in terms of a volume integral over the acoustic source distribution q(r) in a volume V of finite extent [2] F (kx; ky) = 1 4 V q(x 0 ; y 0 ; z 0 )e 0i(k x +k y +z ) dV 0 : (2) Let z 0 be the maximum (more precisely, the supremum) value of z for which q(x; y; z) is nonzero. Then, for k 2 x + k 2 y > k 2 , take the absolute value of both sides of (2) The value of the integral in (3) is finite, even as jj ! 1, because z 0 z 0 . Thus, for z > z 0 , the limit of (3) 
III. MINIMUM CONVEX SOURCE REGION
We have just proven that the far field radiated by sources in a volume V of finite extent has to satisfy the asymptotic relation (4), where z 0 equals the supremum value of z for which q(x; y; z) is nonzero. However, an infinite number of different source distributions can radiate the same far field and, thus, produce the same field everywhere outside the source region. Thus, depending on the source distribution q(x; y; z), (4) may also hold for z > z 1 with z 1 < z 0 . Moreover, unless the source distribution can be zero everywhere (and, thus, not radiate at all), there must be a minimum z 1 for which (4) holds. This z 1 = z min is precisely the supremum value of z for the minimum source region discussed in the Introduction. (To prove this, assume z 1 were less than the supremum value of z for the minimum source region so that the plane z = z 1 cuts through the minimum source region. Then, the spectrum in (1) would decay exponentially according to (4) for z > z 1 , and the field in (1) would satisfy the homogeneous wave equation for z > z1 and be an analytic function of the spatial coordinates for z > z 1 [3, Sec. 6 .23]. Consequently, z = z 1 cannot cut through the minimum source region, and the minimum value of z1 is the supremum value of z for the minimum source region.) That is, for z equal to z min , the limit in (4) 
The infinite value occurs on the lower right side of (5) because if the value of the limit is nonzero for z = zmin, the exponential denominator on the left side of (5) demands that its value be 1 for z < z min . The "limit superior" is necessary in (5) to allow for oscillating values of F (kx; ky) as jj ! 1.
The condition (5) can be rewritten as follows in terms of a farfield pattern F(; ) expressed as a function of (; ) measured in a given xyz coordinate system where F(; ) = F(kcos sin ; k sin sin ) for 0 2; 0 =2 and = =2 0 i; 0 < 1. For 0 2; 0 , the far-field pattern is defined by F(; ) = lim r!1 re 0ikr p(r; ; ). Now, suppose we are given an analytic far-field pattern F(; ) that satisfies (6) for a given z min . The minimum source region for the far-field pattern F(; ) in (6) must extend in the z direction as far as z = zmin. If (6) holds for all orientations of the z axis (with zmin and F(; ) depending, in general, on the orientation), then these far-field functions (spectra) for all orientations of the z axis can be inserted into (1) to generate a function p(r) that satisfies the homogeneous wave equation outside the minimum convex closed surface S formed by all the z min , as shown in Fig. 1 . In other words, S will be the minimum convex surface enclosing the minimum source region. The plane wave representation (1) also gives us the value of p(r) and all its derivatives on S. In particular, it gives the Huygens' sources (p and @p=@n) that generate the fields outside S.
Consequently, we have proven that a far field satisfying the condition (5) or (6) for every orientation of the z axis can be generated by sources that lie within or on the minimum convex closed surface S determined by the locus of values of z min for all orientations of the z axis. Moreover, this far field cannot be generated by sources that extend only to a radius that is less than the radius R min of the sphere that circumscribes S (see Fig. 1 ). If the origin of this circumscribing sphere is chosen as the origin of the coordinate system that Müller [1] uses to expand the fields in spherical waves, then this R min equals the minimum R in [1, th. 26, 27] . For other origins, Müller's minimum R is greater than Rmin. Of course, the sources that generate the given far field are not unique and can be chosen to extend outside S. For many far-field patterns, S will simply be a single point in space so that Rmin = 0. This means that for all r > 0 the field p(r) associated with F(; ) can be produced by a convergent sum of spherical multipoles located at the single point in space S. If Rmin > 0, a multipole expansion (located at the center of the sphere with radius R min ) of the field p(r) having the far-field pattern F(; ) will converge for radii r > Rmin. Moreover, it will diverge for all r < R min at least for some spherical angles (; ). If the infinite sum of spherical multipoles is truncated to a finite mode number N, the resulting approximate field will converge, of course, for all r > 0 but will have extremely high reactive fields for r < N=k [4] .
IV. EXAMPLE
Let us find the minimum convex surface S that can enclose the sources which radiate a particular far-field pattern, namely the farfield pattern of a circular-disk acoustic radiator of radius a. Its far-field pattern as a function of spherical angles (; ), measured with respect to a rectangular (xyz) coordinate system with z axis normal to the circular disk and passing through the center of the disk at z = 0, is given by
where J1(x) is the first-order Bessel function and A is a constant independent of and . For this particular orientation of the z axis, the far-field pattern is independent of the angle .
Substituting the far-field pattern of (7) into (6) shows that zmin = 0 for this z axis normal to the center of the disk. For the z axis pointed in the opposite direction, z min also equals zero, because sin(0) = sin ; that is, the far-field pattern in (7) is identical to the right and left of the circular-disk radiator. Thus, we have confirmed that the sources of the far-field pattern (7) can all lie in the plane of the circular disk that radiates this far-field pattern.
To find the minimum distance that the sources must extend from the center of the disk in a direction in the plane of the disk, rotate the z min = a. Consequently, we see that z min = a for any orientation of the z axis in the plane of the disk. Therefore, the minimum convex surface S containing sources that can produce the far-field pattern of the circular-disk radiator simply coincides with the actual infinitesimally thin physical disk of radius a. Of course, the same far-field pattern could be excited by sources that extend outside this disk. In summary, when an exact closed-form expression for the acoustic far field is known, (5), or equivalently (6), determines the minimum convex closed surface in which the sources of the far field can reside. For electromagnetic fields, the scalar acoustic far-field pattern in (6) is merely replaced by the vector electromagnetic far-field pattern.
